Empirical evidence suggests that widespread financial distress, by disrupting enforcement of credit contracts, can be self-propagatory and adversely affect the supply of credit. We propose a unifying theory that models the interplay between enforcement, borrower default decisions, and the provision of credit. The central tenets of our framework are the presence of capacity constrained enforcement and borrower heterogeneity. We show that, despite heterogeneity, borrowers tend to coordinate their default choices, leading to fragility and to credit rationing. Our model provides a rationale for the comovement of enforcement, default rates and credit seen in the data.
Introduction
Effective contract enforcement has long been considered the cornerstone of well-functioning credit markets (La Porta et al., 1998) . Despite its importance, the strength of enforcement is hardly a stable feature of the economy and can be severely compromised in times of widespread financial distress. For example, Figure 1 shows the evolution of new default cases and the ensuing legal enforcement delays during the 2007-10 financial crisis in three major countries affected by the crisis: the U.S., Italy and Spain.
1 In all three countries, the initial surge in new default cases resulted in a groundswell of pending cases and had a lasting impact on the speed of enforcement. As is well known, credit also tightened during this time period. Motivated by the observed variation in the efficacy of enforcement and credit market outcomes, we propose a novel theory that links enforcement, default rates and credit supply. The central element of our theory is that individual incentives to default are tied to the aggregate 1 Figure 1 uses annual court data on new cases, pending cases and solved cases to estimate average enforcement delays using the following formula, proposed by the Italian Ministry of Justice: Delay t = 365 × can offer precise guidence on how outcomes depend on economic fundamentals. The second issue stems from the fact that in any realistic setting borrowers are widely heterogeneous in terms of their intrinsic propensity to default. This is because borrowers' financial state naturally differs in the presence of random shocks and varying borrower characteristics, such as equity, income, etc.
6 Taking into account agent heterogeneity is crucial, as heterogeneity is known to alleviate the coordination problem among borrowers that strategic complementarities bring about.
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Our theory incorporates these ingredients, strategic complementarities and borrower heterogeneity, by adding two key features to an otherwise standard model of debt-financed entrepreneurial activity: (i) the presence of an economy-wide enforcement capacity, and (ii) stochastic investment returns that are private information of borrowers. The first feature implies that high default rates can exhaust the enforcement capacity, severing enforcement. Weak enforcement, in turn, strengthens individual incentives to default thus introducing complementarities in default choices. The second feature implies that borrowers are heterogeneous in terms of their propensity to default on their debt. We overcome equilibrium indeterminacy by focusing on a global games formulation of the coordination problem faced by borrowers. Specifically, while borrowers in our model are aware of the feedback loop between default and enforcement, they retain some idiosyncratic uncertainty about the link between enforcement levels and the aggregate default rate. To provide a complete characterization of equilibrium, we tackle the challenges associated with the presence of borrower heterogeneity by generalizing existing results from Sakovics and Steiner (2012) and Frankel, Morris and Pauzner (2003) .
6 For instance, the micro-level studies on mortgage default find substantial variation in the default response to foreclosure delays by loan-to-value, which exhibits substantial heterogeneity in the borrower population. In the corporate context, Schiantarelli et al. (2016) and similar studies find the (heterogeneous) financial state of firms to be a key determinant of their incentive to strategically default in response to weak enforcement.
7 Tackling complementarity under heterogeneity is challenging and the current literature offers limited guidance in this respect. The few studies addressing coordination of defaults in credit markets, such as Bond and Rai (2009) , feature homogeneous agents. The macroeconomic literature on enforcement frictions under heterogeneity abstracts from the feedback loop between enforcement and aggregate default rates. For instance, the workhorse model of enforcement frictions (Bernanke et al., 1999 ) assumes a constant cost of enforcement, while Herkenhoff and Ohanian (2015) study the effects of foreclosure delays on default assuming that delays are exogenous.
Our analysis yields two main insights. First, despite borrower heterogeneity, we show that both default rates and enforcement levels are fragile to changes in economic fundamentals. This is because in equilibrium some agents coordinate their default choices, leading to a discontinuous response of the aggregate default rate. In the context of the model without idiosyncratic uncertainty, which has multiple equilibria, this fragility corresponds to a 'switch' from the equilibrium with the lowest default rate and strong enforcement to the equilibrium with the highest default rate and weak enforcement. Second, since credit is the only tool lenders have to avoid a spike in default rates caused by a worsening of fundamentals, credit tightens in response to shocks, leading to the propagation of shocks through a credit crunch.
The intuition behind the aforementioned discontinuous response of the default rate is an endogenous clustering of equilibrium strategies among heterogeneous agents, which partially undoes the "smoothing" effect of agent heterogeneity on default rates. Clustering emerges due to the way beliefs are formed in a population of heterogeneous agents. Specifically, agents whose payoff from defaulting is lower (i.e., those with high project returns), and hence who have a lower intrinsic propensity to default, rationally anticipate that whenever they find default optimal so must agents with a higher propensity to default. As a result, when the agents characterized by a higher payoff from defaulting have a sufficiently large presence in the population, the less prone to default agents expect the default rate to go up substantially and enforcement to be weaker. The expectation of weaker enforcement, in turn, induces them to cluster on the same equilibrium strategy as the high propensity agents, leading to a snowball effect that counters the effect of heterogeneity on default incentives.
We illustrate the quantitative implications of clustering by endogeneizing enforcement capacity, which is optimally chosen by a planner at a cost, and parameterizing the model to match pre-crisis default rates and credit levels in the U.S. In doing so, we show that without considerable heterogeneity the model cannot match observed default rates and exhibits unrealistically large default clusters. We find that a stylized shock that exogenously increases the default rate on pre-existing loans, thus reducing the available enforcement capacity for new loans, leads to a potentially severe credit crunch when shocks are large. Specifically, a shock size equivalent to the average variation in the default rate of commercial loans leads to credit fluctuations of 5%, while a surge in defaults similar in magnitude to the one experienced by the U.S. in 2008-09 lowers new credit by as much as 30%. Furthermore, the propagation does not depend on the likelihood of these shocks, either because the planner does not build enough capacity to prevent a credit drop when an unlikely shock hits, or because the planner increases capacity in anticipation of a likely shock, thereby leading to a credit expansion when the shock does not hit.
Finally, our analysis has important policy implications. When enforcement is constrained, the most effective way to reduce its adverse effect on the economy is to prevent default by agents who are most prone to default, even though the cost of doing so might be high. This intervention mitigates the snowball effect underlying the aforementioned clustering of defaults. An example of such a policy is the 2009 Home Affordable Modification Program (HAMP), which targeted U.S. homeowners who could prove that they were underwater and had not yet defaulted. The success of this program has been documented by Agarwal et al. (2017) .
In terms of related literature, the issue of coordination of defaults due to limited enforcement was first modeled by Bond and Rai (2009) , who studied a micro-finance model featuring a population of homogeneous borrowers with endogenous credit supply. Their analysis showed the possibility of a "borrower run" on a single lender driven by the link between the default rate and the continuation value that the lender may be able to deliver after the run takes place and depletes its funds. As in our model, they tackled the equilibrium multiplicity by using global games. Whereas they focus on the survival of the lending institution as a function of its financial health and the amount of credit, our goal is to provide a mechanism underlying the comovement of default rates, credit and enforcement levels. In a related paper, Arellano and Kocherlakota (2014) illustrated how private sector default can trigger sovereign default when capacity to liquidate assets is exogenously limited in the economy. While their model abstracts from endogenous credit supply it hints at the importance of enforcement in the propagation of shocks.
8 Independently, our paper complements the finance literature on the effects of firesales of assets and propagation of shocks (Shleifer and Vishny, 2011) . Enforcement capacity in this context loosely corresponds to the ability of financial intermediaries to absorb widespread liquidation of collateral. The connection between enforcement levels and default incentives then finds its paralell in the link between the price of assets and incentives to sell collateral. Our analysis could thus be broadly considered as providing a modeling framework to study collateral
externalities. An example of such a study is the recent model by Dávila and Korinek (2017) , who explored how collateral externalities affect credit.
Theoretical Framework
The economy is populated by a measure-one of ex ante identical and risk-neutral entrepreneurs.
Entrepreneurs seek funds from lenders to invest in a risky project. The return on their project depends on the resources invested and a random i.i.d. return w, distributed according to continuous cdf F (w), which is their private information. This assumption implies that entrepreneurs are ex-post heterogeneous in their project returns.
Funding comes exclusively in the form of state non-contingent, defaultable loans. Loans are described by a tuple (b,b) , where b is the loan amount, andb is repayment. Each entrepreneur has seed capital equal to y and makes a total investment of y + b in the project. Final output is (y + b)w. The lending market is competitive and lenders effectively maximize the utility of entrepreneurs subject to a break-even constraint.
To secure funding, entrepreneurs use projects as collateral for the loan. The liquidation value of the project is µ(y + b)w , where µ < 1. Liquidation can be either enforced or non-enforced. If liquidation is enforced, the entire liquidation value goes to lenders. If liquidation is not enforced, entrepreneurs retain a portion 0 < γ < 1 of the liquidation value at lenders' expense.
The distinction between enforced and non-enforced liquidation conveys the basic idea that entrepreneurs can extract rents when liquidation is either delayed or disrupted. For example, entrepreneurs may divert resources to their private benefit after they default on the loan and before the time the project is taken over by lenders. Alternatively, time may eat up the value of the project that lenders receive, while serving the entrepreneurs in the meantime. Finally, bargaining power in an 'out-of-court' renegotiation settlement may crucially depend on the threat-point of legal enforcement.
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The second key assumption in our model is that the probability that liquidation is enforced is endogenous and depends on the aggregate default rate. Specifically, we assume that the total mass of projects that can be enforced is constrained by the economy-wide enforcement capacity X ∈ [0, 1]. Hence, if the default rate exceeds the capacity, enforcement probability falls below one. While enforcement capacity is fixed at the lending stage, it is optimally chosen by a benevolent planner before the lending market opens. When choosing enforcement capacity, the planner faces a trade-off between investing in enforcement and using available resources for some other purpose. The planner's choice captures the idea that the enforcement infrastructure, e.g., the bankruptcy court system, is typically established by the government.
To analyze how fluctuations in enforcement affect the provision of credit, we introduce shocks that randomly deplete the enforcement capacity accumulated by the planner before the credit market opens. Accordingly, enforcement capacity available to sustain new loans is
where X o is the ex ante choice of the planner and s is a random aggregate shock. The presence of a shock to capacity conveys in a simple way the basic idea that a poor performance of preexisting loans tangles part of the enforcement infrastructure and diverts enforcement resources away from the new loans market (we obtain qualitatively similar results if we instead introduce a shock to the distribution of project returns).
The timing of events is as follows. First, the planner chooses initial capacity X o and the shock s is realized. Second, the credit market opens and lenders compete to extend loans to entrepreneurs. Finally, entrepreneurs privately observe their project returns and simultaneously decide whether to repay their loans or default, at which point enforcement takes place.
In what follows, we begin by discussing the repayment decision of entrepreneurs and the enforcement of loans in default. We refer to this stage as the enforcement game. We then work backwards and derive its implications for the supply of credit by lenders and the planner's choice of enforcement capacity. To ease exposition all proofs are relegated to the Appendix.
Enforcement Game
At the enforcement stage loan terms and the enforcement capacity are all given, and entrepreneurs simultaneously decide whether to pay back the loan or default after privately observing their project returns. To simplify notation, we first make the following observation 
Hence, her repayment decision solves max a∈{0,1}
where E(P ) denotes the expected probability that liquidation is enforced upon default. The solution to this problem implies that entrepreneurs' repayment decision is governed by a cut-off rule: An entrepreneur repays her loan if E(P ) exceeds some value θ(w). In what follows, we refer to this cut-off value as the agent's propensity to default.
Lemma 1. The default decision of an agent with contract (b,w) is
where
As Lemma 1 shows, the propensity to default θ(w) is strictly decreasing in project returns.
Apart from capturing a natural feature of default incentives this property will play an important role in the characterization of equilibrium. In addition, the agents whose default decision is driven by their expectations about enforcement probability P are those with θ(w) between 0
10 Given the continuity of F , we can assume without loss that an indifferent agent always chooses to repay. and 1. Accordingly, these are the agents who behave strategically because their incentives to default depend on their beliefs about the behavior of other agents (i.e., about the default rate).
Lemma 2. The range of returns associated with θ(w) ∈ (0, 1) is (w,w/(1 − γµ)). Agents with returns outside this range either never default (w ≥w/(1 − γµ)) or always default (w <w).
The enforcement probability P is endogenous and depends on both the aggregate default rate ψ, defined as
as well as the economy-wide enforcement capacity X. Specifically,
The key implication of this enforcement capacity constraint is that agents' decisions to default are strategic complements. That is, when the constraint binds (X < ψ), as more agents default P goes down, making default more attractive to any individual agent. The definition of P assumes that under imperfect enforcement, i.e., when P < 1, the defaulted loans subject to enforcement are randomly selected among the pool of loans in default. This is justified by the fact that w is privately observed by agents. Alternatively, such random assignment of enforcement capacity could be the result of imposing a sequential servicing constraint in bankruptcy courts. 11 It is worth pointing out that, as we discuss in Section 4, our approach can accommodate alternative functional forms of the relationship between default rates end enforcement efficacy.
The fraction of strategic agents in the population, which is equal to F (w/(1−γµ))−F (w) by Lemma 2, determines the strength of strategic complementarities and is a function of economic fundamentals, namely, the loan contract (w), agent heterogeneity (F ), and the payoff from the lack of enforcement (γµ). Regarding the latter, there is no need to build enforcement capacity when γ = 0, since an agent's payoff under default is unaffected by enforcement. It is only when γ is not too low that credit provision requires building enforcement capacity to prevent the deadweight loss from project liquidation associated with strategic default.
Finally, while we assume a continuous distribution of returns, we work in our proofs with a discrete F. We do so to ease exposition and provide better intuition.
12 Accordingly, our results should be interpreted as the limit of an economy with a discrete distribution that is arbitrarily close to F. In addition, we proceed under the assumption that the distribution of propensities to default is single-peaked. This assumption is satisfied by the unimodal distributions commonly used in the literature of financial frictions, such as the lognormal or Pareto distributions.
Nonetheless, our equilibrium characterization techniques cover the general case without such a restriction. We briefly comment below how results differ in such a case.
Assumption 1. 1) w has a continuous cdf F with density f and full support in [0, ∞); 2) F (w) wf (w) is increasing and lim w↓0 F (w) wf (w) < 1; 3) Ew > 1.
Having described the enforcement game, we proceed to characterize the equilibrium behavior of entrepreneurs. As the first step, we show that under common knowledge of economic fundamentals strategic complementarities can lead to multiple equilibria. We then introduce idiosyncratic uncertainty about fundamentals to obtain uniqueness.
Multiplicity under common knowledge
To see why multiplicity arises under common knowledge of fundamentals, observe that if entrepreneurs perfectly anticipate the aggregate default rate ψ (and hence the enforcement probability P ), self-fulfilling beliefs about P can potentially sustain in equilibrium both a high default 12 A discrete distribution is technically convenient to prove uniqueness in the global game version of the model. rate (imperfect enforcement) or a low default rate (perfect enforcement). To pin down these equilibria, we make use of the fact that propensities to default are decreasing in returns (Lemma 1). Given this, if all agents expect the same E(P ) = P , the default rate equals the mass of agents with returns lower than those of the agent indifferent between defaulting or not, i.e., ψ = F (ŵ), whereŵ solves P = θ(ŵ). Accordingly, equilibria are determined by the indifference condition P = θ(ŵ), and the capacity constraint P = min{X/F (ŵ), 1}, which in the case of P = X/F (ŵ) leads to the equilibrium condition
Under Assumption 1, θ(ŵ)F (ŵ) is single-peaked and (7) admits up to two solutions, leading to up to three equilibria. This result is formalized in Proposition 1 and illustrated in Figure 2 .
Proposition 1. Under common knowledge of X, ifw < w max := argmax w θ(w)F (w), equilibrium is unique iff X < X := F (w) or X > X := θ(w max )F (w max ). Otherwise, there are three equilibria in the case of X ∈ (X, X) and two equilibria in the case of X = X and X =X. If w ≥ w max equilibrium is always unique. Figure 2 shows that when the enforcement capacity X is neither too low nor too high there is an equilibrium with perfect enforcement (P = 1) in which only insolvent agents default (the default rate is F (w)). However, there are also two additional equilibria with imperfect enforcement (P < 1) in which some agents default strategically thus exhibiting higher deadweight losses from excessive project liquidation-the default rates are F (w 2 ) and F (w 3 ), respectively.
Global games selection
Multiplicity questions the ability of the theory to make predictions about how outcomes depend on economic fundamentals. This, however, critically depends on the assumption of common
Multiplicity of Equilibria knowledge of fundamentals, which translates into common knowledge of the equilibrium default rate ψ and enforcement probability P. In practice, borrowers may have a hard time knowing the fundamentals with exact precision, or more generally they may not be able to perfectly infer the default rate. Here we consider such a case by introducing idiosyncratic noise about enforcement capacity and show uniqueness of equilibrium when the noise vanishes. In terms of the specific setup, we follow closely Frankel, Morris and Pauzner (2003) .
Formally, we assume that each agent receives a signal x = X + νη, where ν > 0 is a scaling factor and η is an i.i.d. random variable with continuous distribution H that has full support on [−1/2, 1/2]. That is, agents' signals are correlated through X but their signal noise is i.i.d. The signal is the only source of information about X. In particular, we assume that agents' prior about X is uniformly distributed on [0, 1], 13 and the noise represents an agent's "uncertainty"
or lack of confidence in their inference about X from the observed loan terms. 14 We discuss in Section 4 alternative ways to introduce noise and justify this lack of common knowledge.
In this environment, Lemma 1 implies that an agent with signal x and return w will repay if E(P |x) ≥ θ(w) and default otherwise. We first show that, as noise vanishes, there is a unique limit equilibrium given by cutoff strategies.
Proposition 2. The enforcement game has a unique equilibrium as ν → 0. Equilibrium strategies are characterized by a signal cutoff k(w) such that
• If x ≥ k(w), agents choose to repay (a(x) = 1)
The intuition behind the existence of a unique equilibrium is that small uncertainty about fundamentals induces large strategic uncertainty about the actions of others, hindering agents' ability to sustain multiple equilibria by coordinating their beliefs about the default rate ψ.
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2.1.3 Equilibrium default rate and enforcement probability
We next characterize entrepreneurs' equilibrium strategies. To do so we need to pin down signal thresholds k(w) in the limit as ν → 0, which satisfy the system of indifference conditions
These conditions state that each agent with return w is indifferent between defaulting and repaying when she receives signal x = k(w). Solving this system requires to know the distribution of the enforcement probability P = min{X/ψ, 1} conditional on x = k(w), which depends on agents' beliefs about capacity X and the default rate ψ. Beliefs about X conditional on x = k(w)
However, given that the default rate ψ is given by the mass of agents with signals below their respective thresholds, beliefs about the default rate in turn may depend on the equilibrium thresholds k(·) of all types, making the problem of solving individual indifference conditions intractable.
Nonetheless, we are able to identify key properties of beliefs that allow us to pin down k(w)
for all w. To derive these properties we make the following observations. First, decreasing default propensities θ(·) imply that thresholds k(·) must be (weakly) decreasing in returns. Second, an
all signals must lie in the interval [X − ν/2, X + ν/2]. In this context, there are two cases to be considered. In the first case, all other signal thresholds
In the second case, some thresholds fall within
When all other thresholds falls outside [k(w) − ν, k(w) + ν], since thresholds are decreasing in w, the agent is certain that only those with w < w default, i.e., ψ = F (w), and her indifference condition in the limit boils down to
However, when some thresholds fall within [k(w) − ν, k(w) + ν], the agent deems the default rate ψ as random since some agents with thresholds within the noise range of her k(w) will default and some will not, depending on their signal realization. In this case, individual beliefs about ψ will be a complicated function of signal threshold k(w).
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To overcome this problem we proceed as follows. First, we extend the result proven by Sakovics and Steiner (2012) , and show that the average belief, conditional on receiving their threshold signal, of agents with thresholds within the range of noise is that the default rate ψ is uniformly distributed. That is, if we average agents' beliefs about ψ when each receives their threshold signal x = k(w), weighted by their presence in the population (f (w)), we obtain the uniform distribution. In addition, we show that the cluster of heterogeneous thresholds that fall into [k(w) − ν, k(w) + ν] converge to the same limit threshold k(w). We combine this fact with the above property of average beliefs to circumvent the need to solve individual indifference conditions. We instead average the indifference conditions of agents in any potential cluster, which allows us to work with average rather than individual beliefs, to characterize its limit threshold.
18 Specifically, we use the average condition
where W is a subset of returns of agents that may cluster on the same limit threshold k(w) as ν → 0, and replace the average belief about ψ by the uniform distribution. Since X = k(w) in the limit when x = k(w), we can characterize the average expectation in (9) and pin down k(w)
for any cluster W . We then use the fact that signal thresholds k(·) must be (weakly) decreasing
17 To see how heterogeneity is what makes this approach intractable, consider the case of agents using a single threshold k(w) = k. In this case, the default rate of strategic agents (those with θ between 0 and 1) is given by the fraction of those agents receiving signals below k. This implies that, since signal noise is i.i.d., an agent whose signal x = X + µη is equal to k believes that the strategic default rate is given by H(η) (i.e., by the mass of agents with signal noise lower than hers), which is distributed uniformly in [0, 1]-the cdf of a random variable is uniformly distributed. This feature of beliefs is known as the Laplacian property (Morris and Shin, 2003) .
18 Sakovics and Steiner (2012) call this property the belief constraint. It is driven by the fact that the beliefs in higher default rates conditional on x = k(w) held by agents with high k(w) are offset by the low-k(w) agents' beliefs in lower default rates. Although they derive the belief constraint by averaging the beliefs of the whole population about the average action to characterize the unique threshold in games with symmetric equilibria, it generalizes to any subset of agent types in the game. As a consequence, it can be used in environments that yield asymmetric equilibria, as it is not necessary to know a priori which agents are going to cluster in the limit.
to characterize which clusters, if any, arise in equilibrium.
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The above analysis allows a closed-form characterization of equilibrium cutoffs, formalized in Proposition 3 below. The proposition fully pins down entrepreneur default choices as a function of fundamentals. While we prove this proposition in the context of our model, it is worth noting that our characterization technique goes beyond the specific framework considered here and generalizes existing global games methods to coordination games with asymmetric equilibria. Proposition 3. In the limit, as ν → 0, there exists w * ≥w such that
where w * =w ifw ≥ w max and, whenw < w max , w * is the unique solution in (w max , ∞) to
Proposition 3 is the main result of our paper. Its key economic implication is that, despite agents being heterogeneous, a subset of them cluster on the same equilibrium strategy, making default and enforcement fragile in response to changes in economic fundamentals. Figure 3 illustrates the equilibrium default threshold k(w) characterized in Proposition 3. As is clear from the figure, agents whose returns are betweenw and w * use the exact same signal cutoff despite having different propensities to default. This result is quite stark and shows that among the equilibria of the game under common knowledge of fundamentals, the selected equilibrium corresponds to the one with the lowest default rate if
it is equal to the equilibrium featuring the highest default rate and the lowest enforcement prob-
19 Decreasing k(·) implies that a cluster must be an interval of returns. Thus, we can use the indifference conditions of agents just outside the interval, given by k(w) = F (w)θ(w), to identify its boundaries.
ability. Consequently, the default rate discontinuously jumps when X falls below θ(w * )F (w * ), leading to inefficiently high losses from liquidation as fundamentals deteriorate. The partial clustering of defaults is driven by differences in beliefs (conditional on x = k(w))
regarding the equilibrium default rate, which persist even at infinitesimal noise levels. To gain some intuition behind this result, assume by way of contradiction that k(w) is strictly decreasing so that there is no clustering. If signal thresholds k(w) are strictly decreasing, an agent with returns w knows that, whenever he finds default optimal, i.e., her signal is below k(w), so must all agents with w < w. This is because they have strictly higher propensities to default θ(w ) and their signals are equal to x in the limit. In this context, consider how the equilibrium indifference condition E(P |x = k(w)) = θ(w) changes as returns increase. An infinitesimal increase in returns from w to w + dw causes the default rate to go up by f (w), pushing down expected enforcement probability E(P |x = k(w)), while it also lowers propensity to default θ(w). Hence, whether an agent with returns w + dw wants to default at the same time as an agent with returns w, i.e., use the same signal threshold k(w), depends on whether the increase in the default rate is big enough to compensate the drop in propensity to default. This is actually the case at returns levels where the mass of returns is concentrated, that is, around the peak of the distribution of returns. Moreover, this effect "snowballs" down the distribution of returns until subsequent agents have a weaker presence in the population so that higher default rates no longer compensate for their lower intrinsic propensity to default θ(w). At that point, k(w)
becomes strictly decreasing, as Figure 3 shows.
The above logic also explains why a single cluster obtains. Clustering is associated with intervals of the return distribution where the mass of returns are concentrated. For unimodal distributions satisfying Assumption 2, this happens in a single interval around their peak. In contrast, multiple clusters could arise under multimodal distributions. Our characterization result in the Appendix (Theorem 2) allows for such a possibility.
The coordination of strategic defaults choices has important policy implications. Default by the cluster could be avoided by preventing the agents who are most prone to defaulting from doing so. As a result, despite the potentially high cost of disincentivizing default by the agents how are most prone to defaulting, this may turn out to be the best strategy as it may avert the aforementioned snowball effect. While identifying agents who are prone to default is difficult under asymmetric information, some government programs have been attempting to do precisely just that. A good example is the 2009 Home Affordable Modification Program (HAMP), which targeted homeowners in the U.S. who could prove that they were underwater and had not yet defaulted. The success of HAMP has been documented by Agarwal et al. (2017) .
Provision of credit
Having characterized the equilibrium in the enforcement game, we next turn to the analysis of our model's implications for credit provision. We do so by by laying out the lender problem and analyzing the equilibrium of the lending market, after X has been fixed.
Lender's profits from a loan (b,w) given project return w are
Bertrand competition implies that the equilibrium contract (b,w) maximizes entrepreneurs'
expected payoffs subject to a non-negative profit condition and to the repayment behavior determined by capacity X and thresholds k(w). 20 That is, lenders solve the following problem
subject to non-negative expected profits
and to enforcement capacity constraint P = min {X/ψ, 1} .
The above maximization problem has an interior solution under the assumption that the deadweight loss from defaulting (1 − µ) is high enough so that arbitrarily large loans, which lead to high default propensities, cannot be recouped through liquidation.
The next proposition characterizes the relationship between enforcement capacity and credit.
20 Payoff maximization subject to zero profits follows from the usual arguments. Since agents are ex-ante identical, there is no profitable deviating contract for a lender: either such contract is less attractive to consumers or yields negative profits. In addition, if the equilibrium contract does not maximize agent payoffs, a lender can make positive profits by offering a contract arbitrarily close to the payoff-maximizing one and attract all agents. 21 The assumption guarantees that, as b goes to infinity and hence b/(y + b) goes to one, there is no repayment cutoffw that would make lenders earn non-negative profits, even when P = 1.
It formally establishes that the minimum capacity needed to sustain the low default equilibrium is increasing in the amount of credit provided by lenders.
The intuition behind Proposition 4 is as follows. First, note that the positive relation between loan size b and the lowest capacity guaranteeing the low default equilibrium X * (b) is driven by the fact that a higher b requires a higher repayment cutoffw. Given this, an increase inw has two effects on the cluster signal threshold θ(w * )F (w * ): a direct effect by increasing the default propensities of all agents, and an strategic effect by affecting the pool of strategic agents in the population (recall that the range of strategic agents is given by (w,w/(1 − γµ)) by Lemma 2). The main economic implication of Proposition 4 is the presence of an endogenous borrowing constraint brought about by limited enforcement capacity. In particular, a smaller enforcement capacity leads to a contraction of credit as long as the liquidation losses from letting the cluster default are not negligible. 22 Figure 4 illustrates this basic idea by considering a fall in enforcement capacity from X to X . Initially, b is high because there is enough capacity to sustain a high repayment cutoffw while enforcing a low default rate F (w). At X , however, the previous default rate F (w) becomes unsustainable for the same loan size b. This is because agents with returns betweenw andŵ would strategically default, raising the default rate to F (ŵ). Since liquidation is socially wasteful, lenders have no alternative but to lower b to avert a default wave.
The above result shows that the efficient equilibrium is fragile to shocks that affect enforcement, inducing the credit market to absorb the shock through a contraction of the credit supply.
Credit rationing leads to a fall in investment and output, propagating the shock underlying the decline in enforcement capacity. It remains to be shown whether preventing the cluster from defaulting is indeed optimal for lenders. As we show in the next section, this is indeed the case under reasonable parameterizations of the model.
Optimal enforcement capacity
We close the model by looking at the planner's problem of choosing the optimal capacity.
Formally, we assume that the planner chooses X o to maximize expected entrepreneur payoffs net of capacity costs c(X o ). That is, she solves
where V (X) denotes the expected payoff of agents from the equilibrium contract associated with X, i.e., the loan that solves (12), and the expectation is taken over the distribution of shocks.
The optimal choice of X and hence the sensitivity of credit to shocks depends on the cost function c(X o ). Specifically, as long as capacity costs are not too low, the borrowing constraint 22 If X is very low it is possible that the loan size b at which X * (b) = X is so small that the cluster contains only a tiny mass of entrepreneurs. In such a case, it may be optimal to increase b and let the cluster default.
implied by X ≥ X * (b) binds, implying that shocks generate credit volatility. Since X o is determined by the specific functional forms of F and c(X o ), as well as the distribution of shock s, we parameterize the model to provide a quantitative assessment of the propagation mechanism.
Quantitative Analysis
To illustrate the implications of our theoretical results, we consider a simple numerical example that matches several features of the U.S. credit market. While our model is still too simplistic to fully speak to the data, our goal is to show that the mechanism in question is of potential quantitative relevance. We also highlight how heterogeneity critically affects the results.
Specifically, we consider a binary shock that hits with probability p ∈ [0, 1] and consider two cases. In the first case the shock is large, simulating a financial crisis, while in the second case we look at the effects of a smaller shock that reflects average fluctuations in default rates. 
Parameterization
We parameterize the model in two steps. First, we independently select the value of average returns Ew, liquidation value µ, and the shape of return distribution F following the quantitative business-cycle literature that focuses on enforcement frictions (we also normalize equity y to one). Second, we jointly choose the volatility of returns σ, linear capacity costs c(X o ) = c o X o , and private benefit from lack of enforcement γ to match the average debt to equity ratio in the U.S., the average delinquency rate on commercial loans, and to make the equilibrium size of the default cluster equal to the size of the crisis shock. We choose the latter target so that the model could reproduce a surge in defaults similar to the one observed in the data as a consequence of an unanticipated shock that triggers a switch to the high default equilibria, for instance, a negative shock to project returns. Table 1 Table   1 also presents additional equilibrium properties in the parameterized economy. Capacity costs represent 200 basis points of aggregate debt, which are in line with existing estimates on legal enforcement costs as we argue below. In equilibrium enforcement is almost at full capacity (95%), which is consistent with the fact that enforcement delays are quite sensitive to the number of new default cases, as illustrated in Figure 1 . Finally, due to substantial return heterogeneity, the pool of strategic agents only includes 6.8% of the population. Despite such a low number the induced economic fragility leads to a credit supply that is 20% smaller than the equilibrium credit level in the absence of strategic incentives to default, i.e., when γ = 0. This is because the endogenous borrowing constraint X = X * (b) is binding since lenders want to avoid a spike in the default rate of at least 1.7%, caused by the cluster defaulting.
These results are driven by our specific choice of parameters. The values of our independently selected parameters are drawn from Bernanke, Gertler and Gilchrist (1999) and Christiano, Motto and Rostagno (2014) , two of the workhorse models of the business cycle literature on financial frictions. We next discuss our jointly calibrated parameters and argue that their values are consistent with the literature and with existing evidence.
Heterogeneity of returns (σ).
Since the implied agent heterogeneity is a crucial parameter in our model, it is important to note that heterogeneity is essential to deliver the targeted default rate and leverage. To illustrate the necessity of having heterogeneous returns, Figure 5 depicts the relationship between X and both b (left) and ψ (right) assuming several return distributions.
As is clear from the figure, the default rate hardly rises above zero for σ = ) also leads to counterfactually high debt-to-equity ratios (b/y) and to low enforcement capacity utilization (ψ/X), which is at odds with the observed variation in enforcement delays.
In contrast, as returns become more heterogeneous the model can deliver equilibrium levels of borrowing, default risk and capacity utilization in line with the data. Furthermore, these variables exhibit significant variation as a consequence of changes in X. For instance, at σ = , b/y varies too much, from 2.7 to 4.7, while ψ barely moves (between 0 and 0.3%) and utilization rates never go above 3%. Independently, heterogeneity of returns affects equilibrium outcomes in our model by modulating the degree of strategic complementarity. As returns become more concentrated so do agents' propensities to default, leading to a large default cluster. This leads to unrealistically large default waves if capacity falls below the cluster threshold. For instance, the cluster size when X = 0.05 is 1.7% for σ = Rents from lack of enforcement (γ). The parameter γ is set equal to 25%. Although it is hard to map γ to the data, it determines in the model the recovery rates on defaulted loans when X falls below the cluster threshold, i.e., when enforcement is imperfect (P < 1). We find that the equilibrium drop in recovery rates when we keep b constant and unanticipatedly reduce X below X * (b) is consistent with the international evidence regarding the relationship between loan recovery rates and enforcement delays. Specifically, we use the cross-country database on credit enforcement constructed by Djankov et al. (2008) to estimate the drop in recovery rates associated with an increase in enforcement delays similar to those illustrated in Figure 1 . To do so, we focus on the sub-sample of 20 countries with English legal origin in their dataset and run an OLS regression of the average recovery rate (arecov in the dataset) on the time lag in years between default and receiving a payment (atimepay) and gdp per capita, which we include as a control for the level of economic development. 24 The regression predicts a 3.7 percentage point drop in recovery rates (from 85% to 81%) associated with the 38% increase in bankruptcy timelines experienced in the U.S. between 2010 and 2015. In the model, recovery rates drop between 2 and 5 percentage points (from a value of 77%) as X falls below X * (b), depending on the magnitude of the reduction in capacity. Figure 6 shows the impact of the shock on credit. It plots loan levels for each realization of the shock as a function of shock probability p. When p is very low, the crisis shock implies a contraction of credit by 30%. Under the average shock credit still goes down by a sizable 5%. We obtain a coefficient on atimepay equal to −9.42, significant at the 1% level, with an adjusted R 2 of 0.84. The estimate is robust to introducing additional controls. still substantial at all shock probabilities. The reason is that higher shock probabilities induce the planner to accumulate 'precautionary' capacity X o to dampen the effect of the shock on credit provision, but this extra capacity leads to a higher supply of credit in normal times by relaxing the borrowing constraint X = X * (b). Accordingly, the model is capable of endogenously generating large credit fluctuations as a result of variations in enforcement.
Credit response to enforcement shocks

Limitations and Concluding Remarks
We conclude by discussing several limitations of our analysis and of some of the modeling shortcuts we have adopted.
• Enforcement Technology. We impose a particular structure on enforcement technology.
These assumptions, while specific, are important only to the extent that they deliver an intrinsic propensity to default θ(·) that is strictly decreasing in returns. Our characterization technique can be applied to any alternative model in which default propensities are decreasing, and the presence of a single default cluster relies on the distribution of default propensities being single peaked. 25 We find decreasing propensities a natural feature of default choices: the better the financial health of a borrower the lower the incentives to default are (ceteris paribus).
• Debt contracts. We do not consider the issue of optimality of debt contracts and restrict lenders to use non-contingent defaultable debt. The reason for such a restriction is that, while existing studies on debt contract design focus on the bilateral case of one borrower and one lender with perfect enforceability, our environment features multilateral contracting with strategic complementarities, endogenous contract enforceability, and a competitive lending market. In this context, it is not clear whether the problem is 25 In an earlier version of the model, we worked directly with a generic distribution of default propensities.
tractable, and some restrictions on the contract space might still be necessary, such as whether contracts can be contingent on aggregate default rates, enforcement capacity or other economic aggregates-implicitly assuming that they are verifiable in court. In addition, we would have to make assumptions about the enforcement technology with regards to under which conditions some contract clauses are enforceable, given that enforcement levels are endogenous. Finally, lender competition may become non-trivial since lenders can introduce contingencies that depend on competitors' offers.
However, on positive grounds, debt contracts are ubiquitous, which motivates our approach. In addition, there is an extensive finance literature highlighting reasons why debt contracts may prevail.
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• Public signals.
In our model borrowers have idiosyncratic information about fundamentals.
This is what breaks common knowledge of the mapping between enforcement and default rates, which is at the heart of equilibrium multiplicity. However, if agents have access to a public signal, such as market prices, they may regain their ability to coordinate via selffulfilling beliefs and the global game might exhibit multiple equilibria as well (Angeletos and Werning, 2006; Angeletos et al., 2006) . The lack of public signals, in our view, is quite natural in this context. In actual lending markets borrowers sign contracts with at most a few lenders and thus there is not a single market price that is perfectly observed by everyone. In addition, aggregate statistics, or foreclosure signs in a neighborhood, are likely to be observed by each borrower with an idiosyncratic noise of what these signals may imply for the strength of enforcement. The presence of such an idiosyncratic noise on top of any public information is sufficient to break common knowledge.
• Information spillovers through contract terms. As a modeling shortcut, we have assumed that borrowers do not perfectly infer the equilibrium default rate from the debt contract they receive. A way of addressing it, for example, would be to assume that lenders are heterogeneous in their cost of funds, or that they themselves face some noise, and borrowers meet lenders at random. This approach would prevent borrowers from regaining common knowledge. As a related point, while agents receive signals about enforcement capacity, we could alternatively introduce noise about other aggregate parameters such as expected returns (Frankel, 2012) or the benefits from lack of enforcement (Frankel, 2017) , since what matters for the selection is that agents do not have common knowledge about the mapping between aggregate default rates and enforcement probability.
• Ex-ante heterogeneity. We have not explicitly considered ex-ante heterogeneity between borrowers. For example, borrowers could differ in their equity y before they enter the market. Such heterogeneity is ubiquitous in credit markets and plays an important role in shaping individual incentives to default. In this regard, it is worthwhile to emphasize that the machinery that we develop applies to such an environment. While debt contracts offered by lenders would likely be heterogeneous, to the extent that contract terms leave residual ex-post heterogeneity in default propensities, the analysis would proceed unchanged.
Our analysis leaves out other issues such as the possibility of sequential learning and dynamic spillovers associated with borrowers observing how default and enforcement unfold over time, or the study of a dynamic economy with long-lived entrepreneurs. These are natural directions for future research.
A Appendix: Omitted Proofs
We first prove equilibrium multiplicity under common knowledge and then present the proofs of the global games version of the model. The proofs of Lemmas 1 and 2 are trivial and therefore omitted.
A.1 Equilibrium multiplicity under common knowledge
In order to prove Proposition 1 we first show that θ(w)F (w) is single-peaked.
Lemma 3. If Assumption 1 holds then θ(w)F (w) is single-peaked and it is increasing at 0.
Proof. Note that the derivative of θ(w)F (w) is given by
which has the same sign as
is increasing the expression is strictly decreasing. Now, since the second term is zero at w = 0 and F (w) wf (w) is increasing and lim w↓0 F (w) wf (w) < 1, the expression -and hence the slope of θ(w)F (w)-is initially positive and eventually negative for high enough w. That is, θ(w)F (w) is single peaked.
Proof of Proposition 1. First consider the case of X < X. Ifw < w max , it must be that (10) has only solutions, w 1 <w and w 2 > w max . The former cannot be an equilibrium since it would require ψ = F (w 1 ) < F (w), i.e., that some agents that strictly prefer to default choose to repay, and hence equilibrium is unique. The same argument applies whenw ≥ w max . If X = X then w 1 =w is also an equilibrium. Second, let X >X. In this case, θ(w)F (w) lies below X, implying that for any given P such that all agents with default propensity less than P default, there is enough capacity so that the enforcement probability is higher than P. Thus, equilibrium is unique and involves ψ = F (w). If X =X then w max is a solution of (10), representing a second equilibrium.
Finally, if X ∈ (X,X) Lemma 3 implies that there are three equilibria given by the two solutions in [w, ∞) to (10) and another equilibrium with ψ = F (w) since F (w) < X, and thus, the planner can credibly sustain P = 1 in equilibrium.
A.2 Equilibrium of the Global Game
To prove the results, we proceed as follows. First, we present equilibrium existence, selection, and characterization results for the model with a generic discrete distribution of returns. Then, we provide the proofs of the results in the paper by deriving the implications of the results for a discrete distribution when it is assumed to be arbitrarily close to some continuous distribution F that obeys Assumption 1.
A.2.1 General discrete distribution of returns
In this economy, W ⊂ [0, ∞) is a finite set of possible returns, each with a positive mass, which are distributed according to the commonly known discrete distribution F , with probability mass function f.
Given contract (b,w), we make the following assumption about agent payoffs.
Assumption 3. For all w ∈ W (i) u(0, w, 0) = u(1, w, 0); and (ii) u(0, w, 1) = u(1, w, 1).
Condition (i) says that no agent is indifferent between paying back the loan and defaulting when P = 0, i.e., there is no agent with θ(w) = 0. Similarly, (ii) means that that no agent is indifferent at P = 1, that is, there is no agent with θ(w) = 1. This assumption is made for technical convenience, since it simplifies the proof of uniqueness by implying the existence of dominance regions for ν sufficiently small. It is not needed as F approximates a continuous distribution since the mass of agents for which it is violated becomes arbitrarily small.
Note that agents with w <w (θ(w) > 1) and those with θ(w) < 0 behave in a nonstrategic fashion: The former always choose a = 0, and the latter a = 1, regardless of P. Hence, our focus is on pinning down the behavior of types in the set W * := {w ∈ W : θ(w) ∈ (0, 1)}, with its lowest and highest elements respectively denoted w l and w h .
We assume that the noise scale factor satisfies 0 < ν <ν := min {θ(w h )F (w), 1 − θ(w l )} .
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We first establish that there exists a unique equilibrium of the game with finite types, featuring cutoff strategies. Theorem 1. The game has an essentially unique equilibrium.
28 Equilibrium strategies are characterized by cutoffs k(w) on signal x, such that all agents of type w ∈ W * choose action a = 1 if x ≥ k(w) and a = 0 otherwise.
Proof. The proof logic is as follows. First, we argue that the set of equilibrium strategy profiles has a largest and a smallest element, each involving monotone strategies (cutoff) strategies. Second, we show that there is at most one equilibrium in monotone strategies (up to differences in behavior at cutoff signals). But this implies that the equilibrium is essentially unique.
The existence of a smallest and largest equilibrium profile in monotone strategies follows from existing results on supermodular games by Milgrom and Roberts (1990) and Vives (1990) .
Consider the game in which we fix the profile x of signal realizations and agents choose actions {0, 1} after observing their own signals. It is straightforward to check that the game satisfies the conditions of Theorem 5 in Milgrom and Roberts (1990) , which states that the game has a smallest and largest equilibrium. That is, there exist two equilibrium strategy profiles, a(x) andā(x) such that any equilibrium profile a(x) satisfies a(x) ≤ a(x) ≤ā(x). Moreover, if we fix the action profile of all agents, the difference in expected payoff from choosing a = 0 versus a = 1 for any given agent is increasing in x since default rates are the same across signal profiles, while X is higher in expectation the higher the signal profile is, thus implying a higher expected enforcement probability. That is, expected payoffs exhibit increasing differences w.r.t. x, and Theorem 6 in Milgrom and Roberts (1990) applies: a(x) andā(x) are nondecreasing functions of x. But because an agent's strategy can only depend on her own signal, all agents must be following cutoff strategies.
To show that there is at most one equilibrium in monotone strategies, we make use of the next two lemmas. The first one shows that equilibrium cutoffs are bounded away from zero and one. The second lemma uses these bounds to establish the following translation result: When all cutoffs are shifted by the same amount ∆ expected enforcement probabilities go up. Equipped with such results we will show that enforcement probabilities go up as we move from the smallest to the largest equilibria, implying that there must be a unique profile of cutoffs at which indifference conditions (15) are satisfied.
Let k + ∆ = (k(w) + ∆) w∈W * , while k andk represent the profile of cutoffs associated with the smallest and largest equilibrium, respectively. Abusing notation, let E[P |k; x] represent the expected enforcement probability of an agent receiving signal x when agents use cutoff profile k.
Lemma 4. If k is a profile of equilibrium cutoffs then k(w) ∈ [(θ(w) − ν/2)F (w), θ(w) + ν/2] for all w ∈ W * .
Proof. Note that k is an equilibrium if it solves the following set of indifference conditions:
Note also that the value of X conditional on x is at least x − ν/2. Given this and the fact that enforcement probability is given by (6), we have that,
But this implies that E[P |k; k(w)] > θ(w) when k(w) > θ(w) + ν/2, a contradiction. Likewise, the value of X conditional on x is at most x + ν/2. Accordingly,
which yields the above lower bound on k(w) when we replace E[P |k; k(w)] with θ(w).
Lemma 5. If k is a profile of equilibrium cutoffs then E[P |k; k(w)] < E[P |k + ∆; k(w) + ∆] for all ∆ > 0 and all w ∈ W * such that k(w) + ∆ ≤k(w).
Proof. First note that the density of X conditional on an agent receiving signal x ∈ [ν/2, 1−ν/2] is given by h
. Also notice that an agent of type w defaults if she receives a signal x < k(w), and thus, the fraction of type-w agents defaulting when capacity is X is given by H k(w)−X ν . Since ν ≤ θ(w h )F (w) ≤ θ(w)F (w) and, by Lemma 4, k(w) ≥ (θ(w) − ν/2)F (w), we have that k(w) ≥ ν/2. Likewise, k(w) + ∆ ≤k(w) ≤ 1 − ν/2 by Lemma 4 and the fact that ν ≤ 1 − θ(w l ). Hence, we can obtain the following inequality by a well-defined change of variables:
The inequality is strict because k being an equilibrium profile means that E[P |k; k(w)] = θ(w) < 1 for all w ∈ W * . Accordingly, enforcement probabilities, conditional on x = k(w), are less than 1 for a positive measure of X ∈ [x − ν/2, x + ν/2], and hence, expected enforcement probabilities go up strictly when capacity increases by ∆.
Equipped with Lemma 5, we know argue that k =k. Assume, by way of contradiction, that k(w) <k(w) for some w ∈ W * . Denoteŵ = arg max w∈W * (k(w) − k(w)) and∆ =k(ŵ) − k(ŵ). By Lemma 5, we have that
where the last inequality comes from the fact that default rates atk are lower than at k +∆ ≥k, and thus, the expected enforcement probability conditional on x =k(ŵ) is higher.
Next, we proceed to characterize the limit equilibrium as ν → 0. First, note that for threshold profile k(·) to be an equilibrium profile, it must satisfy the set of indifference conditions (15).
To solve this system of equations, we need to pin down agent beliefs when they receive their threshold signals. To do so we make use of a generalized version of the original belief constraint (Sakovics and Steiner, 2012) : On average, conditional on x = k(w), agents with types in a subset W ⊆ W * believe that the default rate of agents in W is uniformly distributed in [0, 1]. The default rate in W when capacity is X is given by
Lemma 6 (belief constraint). For any subset W ⊆ W * and any z ∈ [0, 1],
where P · x = k(w) is the probability assessment of ψ(W , X) by an agent receiving x = k(w).
Proof. The result follows directly from the proof of Lemma 1 in Sakovics and Steiner (2012) . To see why, note first that Lemma 4 guarantees that threshold signals and thus the "virtual signals" defined in their proof fall in [ν/2, 1 − ν/2], which is needed for their belief constraint to hold. Second, it is straightforward to check that all the arguments and results in their proof hold unmodified if we condition all the probability distributions used in the proof on the event w ∈ W and focus on the aggregate action of agents with types in W rather than the aggregate action in the population.
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The previous result is instrumental in characterizing equilibrium thresholds as ν goes to zero. In particular, it allows us to derive closed-form solutions for the above indifference conditions from which we can obtain k. In stating this result, we refer to a partition Φ = {W 1 , · · · , W I } of W * as being monotone if max W i < min W i+1 , i = 1, · · · , I − 1, and denote the lowest and highest elements of W i by w i andw i , respectively. Also, let F − (w) = w <w f (w ).
Theorem 2. In the limit, as ν → 0, the equilibrium cutoff strategies are given by a unique monotone partition Φ = {W 1 , · · · , W I } and a unique vector (k 1 , · · · , k I ) satisfying the following conditions:
Proof. From Theorem 1 we know that for each ν > 0, there exists essentially a unique equilibrium, which is in monotone strategies. Let k ν (w) represent the equilibrium threshold of type-w agents associated with ν > 0, with k ν denoting the equilibrium cutoff profile. The first step of 29 When thresholds do not fall within ν of each other, the distributionF of virtual errorsη need not be strictly increasing, and thus, its inverse may not be well defined. DefiningF −1 (u) = inf{η :F (η) ≥ u} takes care of this issue and ensures that the proof of Lemma 2 in Sakovics and Steiner (2012) applies to the general case.
the proof is to show that k ν uniformly converges as ν → 0, and identify the set of indifference conditions that pin down the limit equilibrium. Let
denote the strategic belief of an agent of type w ∈ W when she receives her threshold signal x = k ν (w).
Lemma 7. There exist a unique partition {W 1 , · · · , W I } and a set of thresholds
where A w (z|k, W i ) represents the strategic beliefs of type-w agents in the limit and satisfies the belief constraint (17).
See proof below.
Equipped with this set of indifference conditions, we next prove that the partition of types is monotone and that thresholds satisfy (iii) and (iv) in the theorem.
We show that the partition of types must be monotone by way of contradiction. Assume that there are two types w >ŵ such that w ∈ W i andŵ ∈ W m with m > i. First note that the LHS in (18) is bounded below by
and bounded above by min
Given this, since θ(ŵ) < 1 the enforcement probability when all agents with types in W m default is strictly less than 1, i.e., km F (w)+ ∪ j≤m W j f (w ) < 1. Otherwise, (18) would be violated. In addition, m > i implies that k m < k i by the above lemma and that
Combining all this, we arrive at the following contradiction
The monotonicity of the type partition implies that F (w) + ∪ j≤i W j f (w ) = F (w i ) and that
Given this, it is straightforward to check that the above bounds on the LHS of (18) lead to condition (iii) in the theorem. Finally, to obtain condition (iv) from (18), we make use of the belief constraint in the limit, which can be written as
Multiplying both sides of (18) by
and summing over w ∈ W i we get
Using the belief constraint (19) to substitute for the last term in the LHS, we obtain
Note that
we can rewrite (20) as
yielding condition (iv).
Proof of Lemma 7. To prove convergence, we first partition the set of types into subsets W i of types for sufficiently small ν as follows: (i) if we order the signal thresholds of all types, any adjacent thresholds that are within ν of each other belong to the same subset and (ii) j > i implies that the thresholds associated with types in W j are lower than those associated with W i by at least ν. Also, let Q ν w (χ|k ν , z) := P X ≤ χ x = k ν (w), ψ(X, W i ) = z represent the beliefs about capacity of an agent of type w ∈ W i conditional on receiving her threshold signal k ν (w) and on the event that the default rate in W i is equal to z.
Note that a type-w agent receiving signal x = k ν (w) knows that all agents with types in W j are defaulting if j < i and repaying if j > i. Also, the support of
Given this, by the law of iterated expectations, her expected enforcement probability conditional on x = k ν (w) can be written in terms of her strategic belief as follows:
In addition, notice that we can always express E(P |k ν ; k ν (w)) in terms of the threshold signal k ν (w) and relative threshold differences ∆ w = (k ν (w ) − k ν (w))/ν. Importantly, as Sakovics and Steiner (2012) emphasize, strategic beliefs depend on the relative distance between thresholds ∆ W i = {∆ w } w ∈W i rather than on their absolute distance. That is, keeping ∆ W i fixed, A w (z|k ν , W i ) does not change with ν. 30 This implies that strategic beliefs satisfy the belief constraint when ν = 0.
Fix k ν (w) = k i for some w ∈ W i and fix ∆ W i , for all i = 1, · · · , I and all ν sufficiently small. By fixing relative differences, the partition {W i } I i=1 still satisfies the above definition and thus, does not change as ν → 0. We are going to show that indifference condition E(P |k ν ; k ν (w)) = θ(w) is approximated by the limit condition in the lemma for ν sufficiently small.
Note that the inner integral in (21) is bounded below by min
and above by min
The first term inside these integrals is Lipschitz continuous. In addition, the next lemma shows that dA w (z|k ν , k ν (w)) is bounded for all ν.
for all w ∈ W i and all z in the support of
Hence, the LHS and the RHS of (22) uniformly converge to each other as ν → 0, leading to limit indifference conditions (18). Note also that k ν (w) ∈ [−ν/2, 1 +ν/2] and, keeping
fixed, ∆ w ∈ [−1, 1] for all w ∈ W i . That is, the solution to the system of indifference conditions E(P |k ν ; k ν (w)) = θ(w) lies in a compact set. 31 Accordingly, we can findν so that indifference conditions are within ε of the limit condition for all ν <ν, leading to their solutions being in a neighborhood of the solution k of limit indifference conditions (18).
30 This is straightforward to check. First, if we substitute X = k ν (w) − νη (since agents with type w get her threshold signal) and k(w ) = ν∆ w + k ν (w) into (6), we find that ψ(X, W i ) only depends on ∆ Wi and k ν (w). But this means that A w (z|k ν , W i ) only depends on ∆ Wi and k ν (w) because h is independent of ν.
is not kept fixed then when ν is very small, E(P |k ν ; k ν (w)) would be discontinuous at some ν, implying a violation of the indifference condition for some w ∈ W * .
Proof of Lemma 8. Let ψ −1 (z, W i ) be the inverse function of ψ(X, W i ) w.r.t. X. The latter function is decreasing in X as long as 0 < ψ(X, W i ) < 1, implying that ψ −1 is well defined and decreasing in such a range of capacities. Since the signal of an agent of type w satisfies x = X + νη, we can express her strategic belief as
Differentiating w.r.t. z yields
For all z ∈ (0, 1), we must have h
> 0 because h is bounded away from zero in its support. Hence, the last term is positive and weakly lower than
.
A.2.2 Continuous distribution of returns
We now state our results under the assumptions introduced in text. Namely, we assume here that F is an arbitrarily fine approximation of some continuous distribution satisfying Assumption 1. We do so by expressing equilibrium conditions from the previous section in terms of a continuous distribution F and solving them.
Proof of Proposition 2. As stated in the text, uniqueness should be interpreted as the existence of a unique equilibrium in nearby discrete-F economies (Theorem 1).
Proof of Proposition 3. To obtain the characterization of equilibrium threshold in our model, we proceed as follows. First, we express Theorem 2 in terms of continuous distributions. Second, we argue that the single peakedness of θ(w)F (w) implies the existence of a unique interval of types (w, w * ) such that k(w) = θ(w * )F (w * ) for types in the interval and k(w) = θ(w)F (w) for w > w * . Finally, we use the conditions in the theorem to pin down w * . The version of Theorem 2 for continuous F implies the existence of a unique partition of types with propensity to default between 0 and 1 into intervals {(w j ,w j ]} J j=1 such that: (a) if k(w) is strictly decreasing in an interval i then it is constant in intervals j − 1 and j + 1 and vice versa;
is not strictly decreasing in (w j ,w j ] then k(w) = k j for all w ∈ (w j ,w j ] with k j satisfying k j = θ(w j )F (w j ) ≥ θ(w j )F (w j ) (with equality if w j >w) and
Part (a) follows from conditions (i)-(ii) in Theorem 2, which mean that k is decreasing, so we can partition the space of types into a collection of successive intervals in which k alternates between being strictly decreasing and constant. Part (b) follows from (ii)-(iii): a strictly decreasing k in a given interval of types is approximated by a (growing) collection of consecutive, singleton W i in the discrete economy. But then, as the mass associated with each of these singletons goes to zero, F − approximates F , and condition (iii) implies that k converges to θ(w)F (w). Part (c) follows from parts (a) and (b) and conditions (iii) and (iv). Since θ(w)F (w) is continuous, parts (a) and (b) imply that k(w) = θ(w)F (w) at the boundaries of an interval in which k is constant, except possibly when w i =w, in which case condition (iii) requires that k j ≥ θ(w j )F (w j ). Expression (23) is the continuous counterpart of (iv).
We now argue that the single peakedness of θ(w)F (w) (Lemma 3 in Appendix I) leads to a partition consisting of two intervals, the first one in which k is constant and the second one in which it is strictly decreasing.
First notice that k decreasing implies that there must be at least one pooling threshold because θ(w)F (w) is initially increasing. To show why there is only one, we use the fact that condition (c) requires that k 1 = θ(w 1 )F (w 1 ) ≥ θ(w 1 )F (w 1 ). Given the single peakedness of θ(w)F (w) and k(w) being decreasing, we must have that θ(w)F (w) is increasing at w 1 and decreasing atw 1 . Otherwise, either θ(w)F (w) is decreasing at w 1 or θ(w)F (w) is increasing in (w 1 ,w 1 ). The former case implies that θ(w 1 )F (w 1 ) < θ(w 1 )F (w 1 ), violating (c). The latter case implies that k 1 = max w∈[w 1 ,w 1 ] θ(w)F (w), which implies that the LHS of (23) is greater than the RHS.
32
Accordingly, by single peakedness, if θ(w)F (w) is increasing at w 1 and decreasing atw 1 we cannot find another interval satisfying the same condition that does not intersect with [w i , w i ]. Thus, there must be a unique interval of returns at which k is constant. Finally, since θ(w)F (w) is increasing in [w, w 1 ], the monotonicity of k(w) requires that w 1 =w.
We finish the characterization of equilibrium thresholds by showing thatw 1 = w * , where w * is the unique solution to (10) in (w, ∞) whenw < w max . Condition (c) implies that k 1 ≥ F (w). Hence, solving the integral and substituting for 32 Since k 1 = max w∈[w 1 ,w1] θ(w)F (w) we have that where the last equality comes from the change in variable w = F −1 (z) (dz = f (w)dw).
k 1 = θ(w * )F (w * ) and w 1 =w, we can express the LHS of (23) as
Equating the RHS of the last expression to the RHS of (23) yields (10). To show that it has a unique solution in (w, ∞), we express it as θ(w * )F (w * )(1 − log θ(w * )) − w * w θ(w)f (w)dw = F (w),
and differentiate the LHS w.r.t. w * , which yields (− log θ(w * )) (θ (w * )F (w * ) + θ(w * )f (w * )) . The first term in this expression is positive, while the second term is the slope of θ(w * )F (w * ), which is first positive then negative in [w, ∞) whenw < w max . That is, the LHS is first increasing and then decreasing in [w, ∞). Hence, since the RHS is constant, the above expression has at most two solutions in [w, ∞). But notice thatw is always a solution and that the LHS is increasing atw ifw < w max . This, combined with the fact that the LHS approaches zero as w grows while the RHS is strictly positive, implies that there exists a unique solution in (w, ∞).
Obviously, ifw ≥ w max then θ(w)F (w) is strictly decreasing for w ≥w, and conditions (a)-(c) lead to k(w) = θ(w)F (w), i.e., to w * =w.
Before proving Proposition 4 we need to establish that the lenders' problem has an interior solution. Proof. To prove that lenders always set b < ∞, first note that Proposition 3 implies the existence of a typeŵ ≥w such that a = 0 if w <ŵ and a = 1 otherwise. Therefore, we can express the budget constraint (13) 
The LHS converges to one as b → ∞. Hence, we need to show that the RHS is strictly less than 1 for allw. Sinceŵ ≥w and the RHS is increasing in P for fixedŵ, the RHS is bounded above by 
which is strictly less than one for allŵ by Assumption 2.
Proof of Proposition 4. To prove that X * (b) = θ(w * )F (w * ) is increasing in b we first show that θ(w * )F (w * ) is increasing inw. Note that the propensity to default θ goes up withw and that θ(w)F (w) is decreasing at w * . From the previous argument, we know that ∂LHS ∂w * < 0, while the RHS of the last expression is positive since ∂θ(w) ∂w > 0. Hence, it must be that dw * dw < 0. Since X * (b) is increasing inw, we just need to show that the equilibriumw is strictly increasing in b when X = X * (b). To do so, we first note that the budget constraint (25) must hold with equality when X = X * (b). To see why, notice that the propensity to default θ(·) and hence k(·) do not depend on b by Proposition 1. Accordingly, for any givenw the objective function (12) is strictly increasing in b since P , {w : a = 0} and {w : a = 1} are constant for all b, whereas payoffs under both repayment and default are strictly increasing in b. Hence, since the LHS of budget constraint (25) is strictly increasing in b, for any givenw, lenders choose b so that the budget constraint binds.
Given that the budget constraint holds with equality and the LHS is increasing in b, we only need to show that the RHS of (25) is increasing at the equilibriumw when X = X * (b). We do so by contradiction. Assume that the RHS is strictly decreasing inw at the equilibrium contract associated with X. Since X = X * (b) we must have that all agents with w <w default and those with w ≥w repay, implying that P = min{1, X/F (w)} (see point (c) in the proof of Proposition 3). In this context, loweringw while increasing b is feasible since lenders' revenue goes up after a reduction inw (the RHS is strictly decreasing by assumption) while the cluster threshold goes down so X ≥ θ(w * )F (w * ) is still satisfied at the new contract. But notice that such an alternative contract strictly increases agent expected payoffs since it increases gross returns while reducing the deadweight loss of defaults, which are reverted back to agents' payoffs given that the zero profit condition binds. Accordingly a lender can deviate an offer a contract close to this alternative contract and make positive profits, contradicting that the original contract is an equilibrium.
33 Accordingly, b must be increasing inw at the equilibrium contract associated with X.
33 Formally, agents' payoffs are given by ∞ w (y + b)(w −w)dF when P = 1. Since the budget constraint holds with equality, we can express it as 
